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GLUING PARTICLES TO GAS

ERIC MOSELEY

LAGRANGIAN TRACERS IN EULERIAN CODES

» Eulerian codes are more robust/accurate than Lagrangian for shock capturing,
magnetic field studies (CT: V-B = 0 to machine precision)

» But Eulerian codes do not, by default store Lagrangian information

» Anytime we want the history of a fluid parcel, we need something else
(otherwise, use truly Lagrangian methods, SPH, MFM, etc.)

» “Classical” or "Velocity” tracers (e.g. Vazza+ 2011)

» Deterministic

» Over-concentrate tracers (10x even)

» Extreme bias

» Continuous trajectories; clear mapping onto guiding center theory
» “Monte-Carlo” tracers (e.g. Genel+ 2013, Cadiou+ 2019)

» Stochastic

» Unbiased

» Discontinuous trajectories; not obvious how to map onto e.g. guiding
center theory

MC Gas Tracers
h \‘ :

Velocity Advected Tracer
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Cadiou+ 2019
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FINITE-VOLUME HYDRODYNAMICS DESCRIBES A MARKOV PROCESS!

» The CFL condition: < 100% of a cell’'s mass may be transferred to a neighboring cell at a given
time-step.

» At each time-step, information is progressively lost to numerical diffusion

» Ciritically, evolution for the next time-step is only dependent on a full description of the
present state

The MC tracer is just one of infinitely many possible processes that render
the correct Markov transition kernel

1 AM;;,0
| — V/d?’:z:/d?’:c’q(x’,t—l—AHx,t) = max(M. - )
1 JV; % ()




GLUING PARTICLES TO GAS ERIC MOSELEY

PROPOSITION: SATISFY THIS WITH A STOCHASTIC DIFFERENTIAL EQUATION!

» SDEs are well studied across many domains (e.g. quantitative finance, brownian motion, etc.)
» Large literature detailing complex machinery for both integration and analysis
» SDEs frequently have continuum analogs for which analytic solutions are known

» Provides a flexible framework into which we can plug in different terms
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HOW TO CONSTRUCT THE ITO TRACER: EXPANSION OF A MARKOV PROCESS
o'e 8’”"1
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n=1

» Identitying Py = Pparticle @llows us to identity a corresponding Markov process theoretically

» Match B, to x,: B, are effectively the nth moments of the Markov process, but per unit time.

They are rates.

» As a computational tool, we may thus use the discrete MC tracer jump process as a way to
compute these coefficients up to order n
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THE ITO-N FAMILY OF TRACERS

4

4

4

The It6-n tracer is an It6 process matching the first n terms in the gas
series expansion

dXt — Udt‘|’2 . th

u = B, is the deterministic advection velocity
2 = 4/B, is a tensor representing a diffusion process
W, is a stochastic process called a Lévy process, continuous in time, non-differentiable

The third moment of W, may be assigned to B;; Generally, the nth moment of W, may be assigned to B,

Without stochastic terms, we can only match the hydro advection equation up to order 1




—— |t0-2 tracers
—— |t0-3 tracers
— MC tracers
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Net displacement Az vs t

MC tracers
classical tracers
It0-2 tracers
It0-3 tracers
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MC tracers It6-3 tracers It6-2 tracers SGS-Ito tracers Classical tracers
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MC tracers
u=-0.030 0=0.168

It6-3 tracers
p=0.001 0=0.115

It0-2 tracers
u=-0.003 0=0.117

SGS-Ito tracers
pu=0.011 0=0.136

Classical tracers
u=-0.103 0=0.383

-0.5 0.0
10910 (Ptracer/Pgas)

Power spectra

k [rad/L]

Gas

MC tracers

It6-3 tracers
Ito6-2 tracers
SGS-Ito tracers
Classical tracers




For many reasons, one may want particles that perfectly follow the gas (perhaps even only for the directions
transverse to the B field, in the case of charged particles)

We introduced the It tracer particle

Continuous trajectories obeying a Stochastic Differential Equation (SDE) whose first n displacement
moments match those implied by the hydro solver's implied Markov transition kernel

Without stochastic terms, constant-mass, constant-volume Lagrangian particles are fundamentally
incapable of matching the gas evolution

Like the gas, tracer particles must be able to dissipate small-scale power = stochastic diffusion

Ito tracers improve upon MC tracers in many measures, while also providing a framework upon which other
physics can be built: e.g., guiding center dust
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From charged particles to It6 tracers

MC tracers vs Gas Ito-3 tracers vs Gas Ito-2 tracers vs Gas SGS-I1to6 tracers vs Gas Classical tracers vs Gas
slope=0.98, R?=0.960, R?1:1=0.959 slope=0.93, R?=0.939, R?1:1=0.932 slope=1.05, R?=0.687, R%1:1=0.661

slope=1.02, R?2=0.929, R?1:1=0.926 slope=0.97, R2=0.960, R?1:1=0.959
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From charged particles to It6 tracers
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MC tracers

1t6-3 tracers
1to6-2 tracers
SGS-Ito tracers
Classical tracers

k [rad/L]
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HOW TO CONSTRUCT THE ITO PROCESS: THE KRAMERS-MOYAL EXPANSION

Gas satisfies: BMC _ (AX)
LY

| (ax = (ax))" | X, =x]

Markov particles satisty: B}l\/IC =
At

» “Modified equation analysis”

» Identitying pyps = Ppariicle @llows us to identify a corresponding Markov process theoretically

» Match B, to k,

» However, the limit definition is only well defined for a continuous process; ill-defined for the MC tracer.

» As a computational tool, we may thus use the discrete MC tracer jump process as a way to compute these coefficients up to order n:



